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Hadronic matrix elements that depend on momentum are required for numerous phenomenological
applications. Probing the low-momentum regime is often problematic for lattice QCD computations
on account of the restriction to periodic momentum modes. Recently a novel method has been
proposed to compute matrix elements at zero momentum, for which straightforward evaluation of
the matrix elements would otherwise yield a vanishing result. We clarify an assumption underlying
this method, and thereby establish the theoretical framework required to address the associated
finite volume effects. Using the pion electromagnetic form factor as an example, we show how the
charge radius and two higher moments can be calculated at zero momentum transfer, and determine
the corresponding finite volume effects. These computations are performed using chiral perturbation
theory to account for modified infrared physics, and can be generalized to ascertain finite volume
effects for other hadronic matrix elements extracted at zero momentum.
PACS numbers: 12.38.Gc; 12.39.Fe
I. INTRODUCTION
Experimental measurement of the Lamb shift and hy-
perfine splitting in muonic hydrogen has lead to a deter-
mination of the proton charge radius to unprecedented
precision [1, 2]. The extracted value lies 7 σ away from
the CODATA recommended value for the charge ra-
dius [3], which is determined from the world’s data on
electron-proton scattering as well as the spectrum of elec-
tronic hydrogen. In the wake of such a surprising deter-
mination from muonic hydrogen, the proton size puzzle
has attracted a considerable amount of attention, see [4]
for a review. Given the tremendous advances in lattice
gauge theory techniques, insight into the proton size puz-
zle might be garnered from first principles lattice QCD
computations. For an overview of the current status
of nucleon structure computations using lattice QCD,
see [5].
There are many issues confronting the determination
of charge radii from lattice QCD. In this work, we focus
on just one aspect of the problem, namely the limita-
tion to lattice-quantized momentum transfer. This limi-
tation emerges on account of the periodic boundary con-
ditions satisfied by quark fields. Many phenomenolog-
ical applications require knowledge of the momentum-
transfer dependence of hadronic matrix elements, and
this presents a challenge for lattice QCD computations
given the coarse-grained sampling of momentum transfer
possible with periodic momentum modes. Radii, for ex-
ample, depend on the slope of form factors evaluated at
vanishing momentum transfer. As such, these quantities
are not directly accessible with conventional lattice QCD
methods, and one often models the momentum-transfer
∗btiburzi@ccny.cuny.edu
dependence of the matrix element to extract the desired
quantity. The theoretical situation essentially parallels
the experimental problem of extracting radii using form
factor data. It is thus desirable to remove this source of
uncertainty from lattice QCD calculations.
One way to overcome the restriction to lattice-
quantized momenta is to impose twisted boundary con-
ditions on the quark fields [6–8]. Indeed for the pion
form factor, for example, twisted boundary conditions
have been utilized to better access the pion charge radius,
see [9–13]. Due to computational restrictions, however,
the method of twisted boundary conditions is currently
only practicable in a partially twisted scenario [8, 14],
i.e. where the valence quarks are subject to twisted
boundary conditions, while sea quarks remain periodic.
Computationally this means that quark propagators are
determined on gauge configurations that are not mod-
ified as the twist parameters vary. One can view the
partially twisted scenario as that of a mixed action [15],
where the valence and sea quarks differ only by their re-
spective boundary conditions. Unfortunately in this sce-
nario, lattice results obtained at different values of twist
angles are correlated. When such correlations are prop-
erly accounted for in fitting the momentum dependence
of matrix elements, there is no guarantee that statisti-
cally independent information about the matrix element
will be obtained as the twist varies. As a result, partially
twisted boundary conditions often give one confidence
about modeling the momentum dependence of matrix
elements, however, they do not necessarily reduce the
statistical uncertainty in the extraction of phenomeno-
logically interesting parameters.
In order to remove uncertainty associated with the mo-
mentum dependence of matrix elements, a novel method
has been recently proposed [16]. The method hinges on
writing down a Taylor series expansion of lattice corre-
lation functions in terms of the external momenta. In-
2stead of computing the momentum dependence of matrix
elements, one computes the Taylor series coefficients di-
rectly at zero momentum. The method provides a practi-
cal lattice definition of momentum-dependent quantities
possessing the correct infinite volume limit. Because the
method is proposed to overcome what is essentially a re-
striction to finite volume, we investigate the associated
finite volume effects. Given the motivation to reduce un-
certainties in extracting the proton charge radius, we ad-
ditionally extend the zero momentum method to charge
radii; however, for simplicity, we focus on the pion charge
radius.
Our investigation is organized as follows. We begin in
Sec. II with a simple observation about the nature of the
momentum expansion on a lattice of fixed size. To derive
a Taylor series expansion of correlation functions, one re-
quires that the momentum-carrying quark is subject to a
twisted boundary condition, with the Taylor coefficients
arising from differentiation with respect to twist angle,
and subsequent evaluation at vanishing twist. By deriv-
ing the method on a lattice of fixed size, we are able to
develop a framework to address finite volume corrections.
Next in Sec. III, we consider the electromagnetic form
factor of the pion, and present correlator derivatives that
can cleanly isolate the pion charge radius at zero momen-
tum. Two higher moments of the electric charge distribu-
tion are also considered. A brief discussion is included on
the absence of power-law divergent contributions at finite
lattice spacing. The determination of finite volume cor-
rections to the method at zero momentum is taken up in
Sec. IV. Here we formulate partially twisted chiral pertur-
bation theory for twisted initial- and final-state quarks,
with periodic spectator and sea quarks. This enables us
to compute the finite volume current matrix element of
the pion in an arbitrary frame. Subsequent differentia-
tion of this result yields the finite volume effect on the
extraction of the charge radius and two higher moments
using the zero momentum method. A technical detail re-
lated to computing momentum derivatives of finite vol-
ume mode sums is discussed in Appendix A. Finally a
brief summary in Sec. V concludes our work.
II. ZERO MOMENTUM EXPANSION
The method of obtaining hadronic form factors at van-
ishing momentum [16] hinges on an expansion of corre-
lation functions in powers of the momenta. A generic
correlation function depending on the three-momentum
~p and Euclidean time x4 is written as
C(~p , x4) =
∑
~x
e−i~p·~x
∫
DU P [U ]C[x,U ]
≡
∫
DU P [U ]C[~p , x4,U ], (1)
where U are gauge links, and P [U ] their corresponding
probabilistic weight in the functional integration. In a
fixed gauge background, one can formally write a mo-
mentum expansion of the correlation function having the
form
C[~p , x4,U ] = C(0)[x4,U ] + piC(1)i [x4,U ]
+
1
2
pipjC
(2)
ij [x4,U ] + . . . , (2)
where the coefficients are to be identified as those of a
Taylor series expansion about vanishing momentum
C
(n)
i··· [x4,U ] =
∂nC[~p , x4,U ]
∂pi · · ·
∣∣∣∣∣
~p=~0
. (3)
The heart of the method is to compute such coeffi-
cients directly by similarly expanding quark propaga-
tors and vertices in powers of the momenta. These ex-
pansions yield expressions for the coefficients as mod-
ified correlation functions depending only on periodic
propagators evaluated at vanishing momentum. In this
way, one circumvents the need to evaluate the correla-
tion function C(~p , x4) as a function of ~p, and subse-
quently perform an extrapolation to obtain the coefficient
∂C(~p , x4)/∂pi
∣∣
~p=~0
, for example.
In considering the Taylor series expansion in Eq. (2),
we note that the expansion necessarily has the correct
infinite volume limit, by construction. In this limit, the
momenta become continuous variables, and differentia-
tion leads at once to the Taylor series expansion. In this
work, we concern ourselves with finite volume corrections
that arise from employing the method. In finite volume,
by contrast, the expansion in Eq. (2) can only be justi-
fied by using a twisted boundary condition on the active
quark, and the natural question becomes how to assess
the associated finite volume effects.
To see that the expansion is only justified for a twisted
boundary condition, we exemplify the case of a two-
particle correlation function in a free scalar field theory.
Because this theory describes only non-interacting parti-
cles, we are to set all gauge links to unity, and omit the
functional integration over U . To keep the discussion as
simple as possible, we furthermore take the continuum
limit. Consider a compact space of length L in each of
the three spatial directions. The periodic single-particle
propagator, S(x′, x), is given by
S(x′, x) =
1
L3
∑
~n
e2πi~n·(~x
′−~x)/L e
−E( 2π~nL )|x
′
4−x4|
2E
(
2π~n
L
) , (4)
where the energy E (~p ) satisfies E (~p )
2
= ~p 2 +m2, with
E (~p ) > 0. By virtue of the periodic boundary condi-
tions satisfied by the scalar field, the spatial momenta
are quantized in the form
~p =
2π
L
~n, (5)
where ~n is a triplet of integers; and, in the propa-
gator, we have written
∑
~n as a shorthand notation
3for the summation over all momentum mode numbers,∑∞
n1=−∞
∑∞
n2=−∞
∑∞
n3=−∞
.
The two-particle correlation function with total three-
momentum ~p is defined by
C(~p , x4) =
∫ L
0
d~x e−i~p·~xS(x, 0)S(0, x), (6)
where the integral
∫ L
0 d~x is an abbreviation for the
volume integration
∫ L
0 dx1
∫ L
0 dx2
∫ L
0 dx3. In the non-
interacting scalar theory, it is trivial to evaluate the two-
particle correlation function. When ~p is a periodic mo-
mentum mode satisfying the quantization condition in
Eq. (5), we arrive at
C
(
2π~n
L
, x4
)
=
1
L3
∑
~n′
e
−E
(
2π~n ′
L
)
|x4|e
−E
(
2π[~n ′+~n]
L
)
|x4|
2E
(
2π~n ′
L
)
2E
(
2π[~n ′+~n]
L
) .
(7)
Because all fields are periodic, the only parameter that
distinguishes the external momentum, ~p = 2πL ~n, from the
internal momentum, ~p ′ = 2πL ~n
′, is the vector of integers
~n. A Taylor series expansion of this two-particle correla-
tion function in powers of ~n, which is required to arrive
at Eq. (2), cannot be mathematically justified.1
To derive the momentum expansion rigorously in the
context of this simple example, let us instead begin with
a scalar field satisfying twisted boundary conditions. The
corresponding single-particle propagator, S~θ (x
′, x), con-
sequently obeys
S~θ (x
′ + Leˆj, x) = e
iθjS~θ (x
′, x), (8)
where eˆj is a unit vector in the j-th spatial direction, and
each of the components of ~θ can be varied continuously.
This propagator is then used for one of the particles in a
modified definition for the two-particle correlation func-
tion
C
(
~θ
L
, x4
)
=
∫ L
0
d~x e−i
~θ·~x/LS~θ (x, 0)S(0, x), (9)
and this definition reduces to the previous case when each
component of ~θ is an integer multiple of 2π. A graphical
depiction of this simple correlation function is shown in
Fig. 1. To compute the two-particle correlation function,
1 There is a way to approximate derivatives with respect to a
quantized momentum. Such approximations, however, hinge on
taking large mode numbers, and employ differences between such
successive modes. For example, the relative change between suc-
cessive modes, ∆pi/pi = 1/ni, becomes infinitesimally small as
ni becomes large. In order for large mode numbers to correspond
to small momenta, however, one requires prohibitively large lat-
tices, see [17]. The successive difference approach, moreover, is
not related to the method proposed in [16].

~p =
~θ
L
FIG. 1: Graphical depiction of the modified correlation func-
tion C. The single line represents the spectator particle, while
the double line represents the particle carrying momentum.
The twist angles ~θ allow the momentum to be varied contin-
uously, and justify the use of a Taylor series expansion in a
fixed volume.
we associate the phase factor with the active particle by
defining the propagator
S(x′, x|~θ ) = e−i~θ·(~x ′−~x )/LS~θ (x′, x), (10)
where this propagator is strictly periodic, but is that of
a scalar field coupled to the uniform gauge potential ~A =
~θ
L . From the explicit form of this propagator, namely
S(x′, x|~θ ) = 1
L3
∑
~n
e2πi~n·(~x
′−~x)/L e
−E
(
2π~n+~θ
L
)
|x′4−x4|
2E
(
2π~n+~θ
L
) ,
(11)
we see that the modified two-particle correlation function
in Eq. (9) is given by
C(~p , x4) = 1
L3
∑
~n
e−E(
2π~n
L )|x4|e−E(
2π~n
L
+~p )|x4|
2E
(
2π~n
L
)
2E
(
2π~n
L + ~p
) , (12)
where the external momentum satisfies the relation
~p =
~θ
L
. (13)
Because the twist angles can be continuously varied, one
has the trivial equivalence pi
∂
∂pi
= θi
∂
∂θi
that justifies the
Taylor series expansion of this correlation function, as in
Eq. (2).
We have demonstrated that the Taylor series expan-
sion of correlation functions, Eq. (2), can be mathemati-
cally justified on a finite lattice of fixed size by imposing
a twisted boundary condition on the active quark, dif-
ferentiating with respect to the twist angle, and finally
evaluating at vanishing twist. Because the active quark is
singled out in this procedure, the underlying theoretical
framework is strictly speaking not unitary, however, any
violations of unitarity can only appear as finite volume
corrections. In employing partially twisted chiral per-
turbation theory below, however, we do not encounter
any unitarity violations. An additional complication for
a general correlation function, such as a current matrix
element, is that there can be numerous active quarks,
and one must sum over all possible momentum carri-
ers. Lastly we must stress that the procedure employed
4by [16] is not altered in any way. One still computes
modified lattice correlation functions corresponding to
the Taylor coefficients with periodic propagators at van-
ishing momentum. To address finite volume effects, by
contrast, we require the underlying theoretical framework
that justifies the use of the Taylor expansion in Eq. (2)
on a fixed-size lattice. This framework is that of par-
tially twisted boundary conditions imposed on the active
quarks, which we develop below.
III. AT ZERO MOMENTUM AND ZERO
MOMENTUM TRANSFER
We focus on a particular extension of the zero momen-
tum method, namely to the pion’s electromagnetic form
factor, F (q2). In infinite volume, this form factor is de-
fined through the current matrix element between pion
states
〈π(~p ′)|Jµ|π(~p )〉 = e(p′ + p)µF (q2), (14)
where q is the momentum transfer between the initial and
final states, qµ = (p
′ − p)µ, and e is the unit of electric
charge. The emergence of only one form factor is a conse-
quence of the Lorentz covariance of the matrix element,
and current conservation. Due to properties under charge
conjugation, we have the relations, Fπ+(q
2) = −Fπ−(q2),
and Fπ0(q
2) = 0. There is thus only one pion form factor
to consider, and we take it to be that of the positively
charged pion. In the forward limit, which is specified
by p′µ = pµ, the value of the form factor is determined
from the Ward identity as the electric charge of the pion,
namely F (0) = 1. The behavior of the form factor away
from the forward limit reflects the charge distribution
within the pion. Moments of the charge distribution2
appear in the momentum-transfer expansion of the form
factor. We write this expansion in the form
F (q2) = 1 +
∞∑
n=1
(−q2)n
(2n)!(2n+ 1)!!
< r2n >, (15)
where < r2 > is the mean-square radius, and so on. We
will focus on just the lowest few moments. With vanish-
ing momentum transfer, qµ = 0, none of the moments of
the pion’s charge distribution appear the current matrix
element in Eq. (14).
The pion form factor is accessible through the calcu-
lation of three-point correlation functions using lattice
QCD. We will take the limit of strong isospin, and ac-
cordingly work with a single light quark field, denoted
by ψ. Taking a simple point-like pion interpolating field,
2 Strictly speaking, the Fourier transform of the pion electromag-
netic form factor is not a charge density, however, the form factor
can be written as the Fourier transform of the transverse distri-
bution of charge in the infinite momentum frame, see [18, 19].
π(x) ∼ ψiγ5ψ(x), we have the vector current three-point
correlation function
Cµ(~p
′, ~p |x4, y4) = −
∑
~x,~y
e−i~p
′·(~x−~y)e−i~p·~y
× 〈ψγ5ψ(x)ψγµψ(y)ψγ5ψ(0)〉 , (16)
where x4 is the Euclidean time separation between the
source and sink, and y4 is the current insertion time.
Both of these times are assumed positive throughout.
The brackets refer to the stochastic average over gauge
configurations. Notice that due to strong isospin invari-
ance, the matrix element of the quark electromagnetic
current, Jµ =
2
3uγµu − 13dγµd, can be computed from a
single matrix element of the vector current, Vµ = ψγµψ,
or its point-split form.3
Performing the quark contractions, the three-point cor-
relation function becomes
Cµ(~p
′, ~p |x4, y4) =
∑
~x,~y
e−i~p
′·(~x−~y)e−i~p·~y
×〈Tr [γ5S(x, y)γµS(y, 0)γ5S(0, x)]〉 ,
(17)
where S(x′, x) is used to denote the quark propagators in
a background gauge configuration. On account of isospin
symmetry and the charge conjugation properties of pi-
ons, there are no self-contractions of the current to eval-
uate [20, 21]. To utilize a Taylor series expansion in both
initial- and final-state momenta, we replace the above
correlation function with a modified one in which the ac-
tive quarks are coupled to different uniform gauge fields
Cµ(~p ′, ~p |x4, y4) =
∑
~x,~y
〈
Tr
[
γ5S(x, y|~θ ′)
× γµS(y, 0|~θ )γ5S(0, x)
]〉
. (18)
Now the initial- and final-state momenta are continuous
parameters that satisfy ~p =
~θ
L and ~p
′ =
~θ ′
L . The corre-
lation function distinguishes between an initial quark, a
final quark, and a spectator quark, see Fig. 2.
Assuming a long Euclidean time separation between
source and sink, as well as from operator insertion to sink,
we have the following expected behavior for the temporal
component of the vector-current correlation function
C4(~p ′, ~p |x4, y4) = i[E (~p ′) + E (~p )]F (q2)
×|Z|2 e
−E(~p ′)(x4−y4)e−E(~p )y4
2E (~p ′) 2E (~p )
, (19)
3 For our particular application of the pion electromagnetic form
factor, we utilize only the temporal component of the current.
Expansion of the three-point correlation function in powers of
spatial momenta does not require us to consider the momen-
tum expansion of the temporal component of the point-split vec-
tor current vertex. The spatial components of the three-point
correlation function, on the other hand, additionally require ex-
panding the vector current vertex when the point-split current is
utilized.
5
~p =
~θ
L~p
′ =
~θ ′
L
Jµ
FIG. 2: Quark-level contractions of the modified three-point
function, Cµ. The single line represents the spectator quark,
while the double lines represent the twisted initial- and final-
state quarks. The twist angles ~θ and ~θ ′ are devices that are
required to derive the momentum expansion of the current
correlation function on a lattice of fixed size. They are set to
zero after differentiation.
where we have dropped exponentially suppressed contri-
butions in the Euclidean time separations. Such contri-
butions arise from excited states. The factor Z is the
unknown overlap between the interpolating field and the
ground-state pion. Because the initial- and final-state
momenta are continuous, we can perform a Taylor se-
ries expansion to obtain the charge radius and higher
moments of the charge distribution. To aid in isolating
these desired quantities, we observe that the Euclidean
momentum transfer takes the form
q2 = 2
[
E (~p ′)E (~p )−m2π − ~p ′ · ~p
]
. (20)
As a consequence, the charge radius can be determined
from the ratio
< r2 >=
3
C4(~0,~0)
∂2C4(~p ′, ~p )
∂p′1∂p1
∣∣∣
~p ′=~p=~0
, (21)
up to exponentially suppressed contributions in the Eu-
clidean time separations. Generalizations of this formula
allow access to two higher moments of the charge distri-
bution, namely
< r4 > =
45
C4(~0,~0)
∂4C4(~p ′, ~p )
∂p′1∂p1∂p
′
2∂p2
∣∣∣
~p ′=~p=~0
, (22)
< r6 > =
1575
C4(~0,~0)
∂6C4(~p ′, ~p )
∂p′1∂p1∂p
′
2∂p2∂p
′
3∂p3
∣∣∣
~p ′=~p=~0
. (23)
Beyond these quantities, we have been unable to find
simple ratios that isolate any higher moments without
the introduction of power-law Euclidean time dependence
which would contaminate the signal. In fact, any mo-
mentum derivatives of rest frame (~p = ~0 and ~p ′ = ~q)
and Breit frame (~p = − 12~q and ~p ′ = 12~q) three-point
correlation functions suffer the same sickness. For this
reason, we consider the three-point function in an arbi-
trary frame, and have found ratios that cleanly isolate
the desired coefficients without introducing power-law
contamination. Notice that for notational ease, we have
suppressed the Euclidean time dependence of the three-
point correlation functions. This time dependence will
drop out of the correlator ratios, provided the ground-
state pion saturates the three-point function.
The various momentum derivatives required of the
temporal component of the vector three-point function
in Eqs. (21)–(23) can be expressed in terms of deriva-
tives of quark propagators. This remains true with a
point-split current due to our utilization of the temporal
component of the current, i.e. there are no derivatives of
the current vertex required for this particular application.
The derivatives of quark propagators can be expressed in
terms of derivatives of the lattice Dirac operator in a
uniform U(1) gauge field. Using the following abstract
notation for quark propagators and the Dirac operator
S(x′, x|~θ ) = 〈x′|S(~θ )|x〉,
D(x′, x|~θ ) = 〈x′|D(~θ )|x〉, (24)
with D(~θ )S(~θ ) = 1, we have
∂S(~θ )
∂θi
= −S(~θ )∂D(
~θ )
∂θi
S(~θ ). (25)
For the clover-improved Wilson action, the lattice Dirac
operator for a quark in a uniform gauge potential has the
form
D(x′, x|~θ ) = 1
2
3∑
j=1
[
δx′+j,x(γj − 1)e
iθj
N Uj(x′)
− δx′,x+j(γj + 1)e−
iθj
N U†j (x)
]
+ · · · ,
(26)
where we have written only the ~θ-dependent terms ex-
plicitly, and N is the number of lattice sites in each spa-
tial direction, which is just the length L in lattice units.
The required momentum derivative of the clover action
is simply
∂D(x′, x|~θ )
∂pi
=
i
2
[
δx′+i,x(γi − 1)e
iθi
N Ui(x′)
+ δx′,x+i(γi + 1)e
−
iθi
N U†i (x)
]
. (27)
Valuable simplifications arise from noticing that mixed
partials of the lattice Dirac operator must vanish
∂2
∂pi∂pj 6=i
D(~θ ) = 0. (28)
Due to the form of Eqs. (21)–(23), moreover, only first
partial derivatives are required to determine the charge
radius and the two higher moments.
To express the required momentum derivatives of the
three-point correlation function, we identify the point-
split vector current vertex
∂D(~θ )
∂pi
∣∣∣
~θ=~0
= iVi, (29)
6which has the coordinate-space matrix elements
〈x′|Vµ|x〉 = 1
2
[
δx′+µ,x(γµ − 1)Uµ(x′) + δx′,x+µ(γµ + 1)U†µ(x)
]
. (30)
The mean-square charge radius can be extracted by computing the ratio in Eq. (21), with
∂2C4(~p ′, ~p )
∂p′1∂p1
∣∣∣
~p ′=~p=~0
= −
∑
~x,~y
〈
Tr
[
γ5〈x|SV1S|y〉V4(y)〈y|SV1S|0〉γ5〈0|S|x〉
]〉
, (31)
by virtue of the modified three-point function appearing in Eq. (18). In the above expression, we have replaced the
temporal component of the current with its point-split form. The correlator in Eq. (31) is computed with vanishing
initial- and final-state momenta, and is graphically depicted in Fig. 3. For the < r4 > moment of the charge
distribution, one would need to compute
∂4C4(~p ′, ~p )
∂p′1∂p1∂p
′
2∂p2
∣∣∣
~p ′=~p=~0
= 2
〈
Tr
[
γ5SV1SV2SV4SV1SV2Sγ5S
]
+Tr
[
γ5SV1SV2SV4SV2SV1Sγ5S
]〉
, (32)
and determine the ratio in Eq. (22). We have now dropped all coordinate dependence for ease, and have appealed to
cubic symmetry to combine terms. Finally the < r6 > moment requires evaluating the correlation functions
∂6C4(~p ′, ~p )
∂p′1∂p1∂p
′
2∂p2∂p
′
3∂p3
∣∣∣
~p ′=~p=~0
= −6
∑
P(1,2,3)
〈
Tr
[
γ5SV1SV2SV3SV4SVP1SVP2SVP3Sγ5S
]〉
, (33)

V1
J4
V1
FIG. 3: Quark-level contractions required to obtain the pion
charge radius at vanishing momentum. The solid circles rep-
resent the pion source and sink, the square represents the in-
sertion of the external current, while the the open circles are
the momentum derivative vertices. Two higher moments of
the charge distribution can be obtained by further insertions
of such vertices on the initial- and final-state quark lines.
where the sum is over all permutations P of 1, 2, 3, which
we write as P(1, 2, 3) = (P1,P2,P3). Cubic symmetry
has been employed to reduce the number of terms ap-
pearing in the above expression.
A cause for concern about the zero momentum method
arises from problems encountered at finite lattice spac-
ing.4 In the context of the hadronic vacuum polar-
ization, for example, twisted boundary conditions are
known to introduce contact terms that diverge with an
inverse power of the lattice spacing in the continuum
limit [22, 23]. Such contact terms exist in the prod-
4 We thank H. Wittig for alerting us to this possibility.
uct of two vector currents corresponding to the same
direction, whereas the divergent contribution is absent
for orthogonal directions. The above expressions for var-
ious derivatives of the temporal current matrix element,
Eqs. (31)–(33), are written in terms of multiple inser-
tions of the vector current and therefore appear subject
to the same complication. Our use of twisted boundary
conditions, however, is only a theoretical device to ob-
tain these Taylor coefficients, which are then evaluated
at vanishing twist. We must still worry that differentia-
tion could produce twist-independent terms that diverge
in the continuum limit, however, we can show that the
momentum derivatives required in this particular appli-
cation prohibit such contributions.
The starting point for our application of the zero mo-
mentum method is the temporal current matrix element
computed with twisted initial- and final-state quarks.
Because the twists are taken in the spatial directions,
there can be no additional divergent contribution to
the temporal current matrix element itself. Upon dif-
ferentiation of this matrix element, divergent contact
terms will be introduced. For example, the two deriva-
tives with respect to x-components of momentum re-
quired to obtain the charge radius in Eq. (31), will pro-
duce a divergent contribution analogous to that in the
hadronic vacuum polarization. Evaluation at vanishing
x-component of twists, however, removes this divergent
contribution. To arrive at Eq. (32), we need further dif-
ferentiation, but with respect to the y-components of
momentum. This produces another divergent contribu-
tion, which vanishes when the y-components of twists are
set to zero. Finally differentiation with respect to the
7remaining z-components of momentum is necessary to
evaluate Eq. (33), and produces a power-divergent term
which vanishes when the z-components of twists are set
to zero.
There is a stronger argument against such power-law
divergences that holds even in the absence of twisted
boundary conditions. In the evaluation of any of the
three modified correlation functions, identical currents
are never at the same temporal location. This owes di-
rectly to the fact that we utilize the temporal current
matrix element, and differentiate with respect to the spa-
tial momenta carried by intitial- and final-state quarks,
which produces spatial vector-current vertices. In the
absence of contact terms, three moments of the pion’s
charge distribution can thus be accessed without the need
to perform subtractions of divergent contributions. If one
employs rest-frame or Breit-frame matrix elements, how-
ever, we expect power-law divergences will be encoun-
tered in the continuum limit. This complication arises
in addition to the power-law Euclidean time dependence
introduced upon momentum differentiation of the matrix
element in Eq. (19).
IV. FINITE VOLUME CORRECTIONS
With Eqs. (21)–(23), one can determine moments of
the pion’s charge distribution at vanishing initial- and
final-state momenta. As the method has been devised to
circumvent the restriction to periodic momentum modes
on a lattice of fixed size, it is susceptible to finite volume
effects that are potentially substantial. We use a modifi-
cation of chiral perturbation theory to ascertain the size
of finite volume corrections on the required momentum
derivatives of three-point functions.
A. Partially Twisted Chiral Perturbation Theory
To compute the required momentum derivatives of
three-point correlation functions on a lattice of fixed size,
we require partially twisted boundary conditions. In con-
sidering derivatives of the three-point function, we are
forced to distinguish between an initial-state quark, a
final-state quark, and a spectator quark. These quarks,
moreover, are all valence quarks because the current self-
contraction does not contribute to pion matrix elements.
Based on these observations, we consider the partially
quenched QCD Lagrange density
L = Q(D/+mQ)Q, (34)
for the graded flavor group SU(5|3). The fundamental
vector Q accommodates eight flavors of quark fields
Qi =
(
u1, u2, d, j, l, u˜1, u˜2, d˜
)
i
. (35)
We employ the isospin limit in the valence and sea sec-
tors. Accordingly the quark mass matrix has the form
mQ = diag (mv,mv,mv,msea,msea,mv,mv,mv) , (36)
with mv the valence quark mass (which must be degener-
ate with the ghost quark mass), and msea the sea quark
mass. Even at the unitary mass point, msea = mv, the
theory remains partially quenched by virtue of differing
boundary conditions on the various quark fields. This we
refer to as partially twisted.
To handle the quark boundary conditions, we take the
Q field to be periodic, with the effect of partial twisting
relegated to the gauge-covariant derivative. This deriva-
tive includes a term from uniform gauge fields
Dµ = D
SU(3)
µ + iBµ, (37)
whereD
SU(3)
µ is the QCD gauge-covariant derivative, and
Bµ encodes the uniform U(1) gauge fields. The uniform
fields have vanishing temporal component, Bµ = ( ~B, 0),
with the spatial components specified by
Bi =
1
L
diag (θi, θ
′
i, 0, 0, 0, θi, θ
′
i, 0) . (38)
From this choice, we see that the quark u1 corresponds to
the initial-state quark, while u2 corresponds to the final-
state quark. The down quark, d, is the spectator quark.
The active and spectator quarks are valence quarks. For
this reason, the theory is graded: we include ghost quarks
u˜1, u˜2, and d˜ in order for this identification to be made.
Finally the quarks j and l are the sea quarks, which are
not twisted. To induce momentum transfer, the vector
current is taken to correspond to a flavor-changing cur-
rent
Vµ = u2γµu1, (39)
within the extended flavor group.
To address finite volume effects, we consider the low-
energy theory of pions. The low-energy effective theory
of partially quenched QCD is partially quenched chiral
perturbation theory [24–26]. This theory describes the
infrared dynamics of the low-energy pseudoscalar modes
emerging from spontaneous breaking of chiral symme-
try. Our considerations are that of the p-regime of fi-
nite volume chiral perturbation theory [27], in which the
zero modes of the Goldstone manifold remain weakly cou-
pled. Chiral perturbation theory is written in terms of
the coset field, Σ = exp(2iΦ/f), where Φ is a matrix of
pseudoscalar meson fields. The dimensionful parameter
f can be identified as the pion decay constant, which has
the numerical value f ≈ 132 MeV in our conventions.
To obtain partially quenched chiral perturbation the-
ory corresponding to the Lagrange density in Eq. (34),
we use the coset transformation law Σ → LΣR† un-
der a graded chiral transformation, (L,R) ∈ U(5|3)L ⊗
U(5|3)R. The effective theory is then written down by
enumerating all chirally invariant operators. Sources of
explicit chiral symmetry breaking are additionally in-
cluded using the spurion trick. For our application to the
pion form factor with partially twisted boundary condi-
tions, we must incorporate the vector current and the
8uniform gauge fields, in addition to the quark mass. In
terms of the coset field Σ, the leading-order Lagrange
density has the form
L = f
2
8
str
(
DµΣ
†DµΣ
)− λ str (mQΣ† +mQΣ)+ µ20Φ20.
(40)
The field Φ0 is the flavor-singlet field, Φ0 = str(Σ)/
√
2,
and has been included only as a device to obtain the
flavor-neutral propagators. The covariant derivative Dµ
is specified by its action on the coset field
DµΣ = ∂µΣ+ iAµ[T,Σ] + i[Bµ,Σ], (41)
where Aµ is an external vector field, and the matrix T is
given by
Tij = δi2δj1, (42)
which corresponds to the flavor structure of the flavor-
changing vector current in Eq. (39).
The meson fields are embedded in Σ through Φ which
takes the form of an eight-by-eight matrix, which can be
written in blocks
Φ =

Mvv Mvs χ†gvMsv Mss χ†gs
χgv χgs Mgg

 . (43)
The blocks Mvv and Mgg contain bosonic mesons com-
posed of a quark-antiquark pair, and a ghost quark-ghost
antiquark pair, respectively. Such mesons appear in these
blocks as
Mvv =

η11 η12 π+1η21 η22 π+2
π−1 π
−
2 ηd

 , (44)
and
Mgg =

η˜11 η˜12 π˜+1η˜21 η˜22 π˜+2
π˜−1 π˜
−
2 η˜d

 . (45)
The ηij mesons have quark content ηij ∼ uiuj , whereas
the η˜ij mesons have quark content η˜ij ∼ u˜iu˜j . The neu-
tral meson composed of a spectator quark-antiquark pair
is ηd ∼ dd, while the ghostly counterpart is η˜d ∼ d˜ d˜.
The electrically charged mesons have been denoted with
π’s, specifically π+i ∼ uid and π˜+i ∼ u˜id˜. The valence-sea
and sea-sea mesons are also bosonic. These degrees of
freedom appear in the matrices Mvs and Mss, with
Mvs =
(
φju1 φju2 φjd
φlu1 φlu2 φld
)
, (46)
and
Mss =
(
ηj πjl
πlj ηl
)
, (47)
respectively. The remaining mesons are fermionic fields.
Those composed of a ghost quark and a valence antiquark
are contained in the matrix χgv, while those composed of
a ghost quark and a sea antiquark appear in χsv. These
matrices of fermionic mesons have the form
χgv =

φu˜1u1 φu˜1u2 φu˜1dφu˜2u1 φu˜2u2 φu˜2d
φd˜u1 φd˜u2 φd˜d

 , (48)
and
χsg =

φu˜1j φu˜1lφu˜2j φu˜2l
φd˜j φd˜l

 . (49)
Treating the Lagrange density to tree level, we see that
the quark-basis mesons with quark content Q and anti-
quark content Q′ have masses given by
m2QQ′ =
λ
4f2
(mQ +mQ′). (50)
The flavor-singlet meson, Φ0, has an additional contri-
bution to its mass proportional to µ20. Because the
flavor-singlet axial symmetry of the partially quenched
theory is anomalous, we can integrate the flavor sin-
glet out of partially quenched chiral perturbation the-
ory [26]. The resulting Goldstone manifold becomes
SU(5|3)L ⊗ SU(5|3)R/SU(5|3)V , however, the flavor-
neutral mesons, which appear on the diagonal of the ma-
trix Φ, do not have simple Klein-Gordon propagators. In-
stead, their propagators have both quark-connected and
quark-disconnected terms, where the latter are conven-
tionally referred to as hairpins. The propagator matrix
between ηa-ηb quark-basis states
5 is given by
Gηaηb(k) =
ǫaδab
k2 +m2ηa
− 1
2
ǫaǫb(k
2 +m2ηj )
(k2 +m2ηa)(k
2 +m2ηb)
. (51)
The first thing to note is that twisting does not affect the
propagation of flavor-neutral states. For this reason, the
twist angles ~θ and ~θ ′ are absent from the flavor-neutral
propagator matrix. In partially quenched chiral pertur-
bation theory, the lack of unitarity of the theory arises
from the disconnected part of the flavor-singlet propaga-
tor; however, the double pole is absent with degenerate
valence and sea quark masses.6
5 Due to our notation for the various mesons, one must be careful
to note that this propagator matrix only applies to the diago-
nal entries of the matrix Φ. These states are the flavor-neutral
mesons, whereas other η states that are off the diagonal, such as
the η12, are only electrically neutral rather than flavor neutral.
6 In generalizing to include the strange quark, the result remains
true. Because flavor-neutral states are unaffected by twisting,
the double-pole sickness also goes away when valence quarks are
made degenerate with their sea quark counterparts. In this limit,
the lack of unitarity of the partially twisted theory does not lead
to any enhancement of the finite volume effects.
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FIG. 4: One-loop contributions to the pion current ma-
trix element in partially quenched chiral perturbation the-
ory. The top panel shows diagrams required to determine
the pion wavefunction renormalization. Dashed lines repre-
sent mesons, while the cross represents the partially quenched
hairpin interaction. The wiggly line shows the insertion of the
vector current, which corresponds to a flavor-changing tran-
sition in the effective theory. The flavors differ only by their
boundary conditions.
The propagators of flavor non-singlet mesons have a
simple Klein-Gordon form, however, they acquire depen-
dence on the twist angles. Writing the scalar propagator
in the form
Gm(~k, k4) =
1
~k 2 + k24 +m
2
, (52)
we see that a meson with quark content Q and antiquark
content Q′, with Q′ 6= Q, is described by the propagator
GmQQ′ (
~k + ~BQ − ~BQ′ , k4), (53)
where ~k = 2π~nL is a periodic momentum mode.
B. Pion Current Matrix Element in an Arbitrary
Frame
Having spelled out the necessary ingredients of par-
tially quenched chiral perturbation theory, we now detail
the computation of the pion electromagnetic form factor.
The form factor can be determined in the effective theory
by computing the matrix element
Mµ(~p ′, ~p ) ≡ 〈π+2 (~0 )|Vµ|π+1 (~0 )〉L
L→∞−→ 〈π+(~p ′)|Vµ|π+(~p )〉. (54)
On the first line, we label the matrix element of pions
by their vanishing Fourier momentum. On the second
line, we show the infinite volume limit of the matrix
element. By virtue of partial twisting, the initial-state
pion carries momentum ~p =
~θ
L , and the final-state pion
carries momentum ~p ′ =
~θ ′
L . In taking the infinite vol-
ume limit, it is assumed that ~p and ~p ′ are held fixed.
These momenta can be continuously varied on a lattice
of fixed size, and enable us to perform the Taylor series
expansion of current correlation functions in chiral per-
turbation theory. The momentum derivatives required to
evaluate moments of the charge distribution at vanishing
momentum, Eqs. (21)–(23), can all be derived from the
pion current matrix element calculated in an arbitrary
frame. For this reason, we determine the general expres-
sion for the finite volume effect in an arbitrary frame in
this section, and evaluate the required Taylor series co-
efficients in the following section.7
To compute the finite volume corrections to the cur-
rent matrix element in Eq. (54), we must evaluate the
one-loop diagrams shown in Fig. 4. Due to rather fortu-
itous cancellations, there are no hairpin contributions to
the current matrix element. Additionally complete can-
cellation of valence-valence meson contributions against
those of valence-ghost mesons leads to dependence only
on the valence-sea meson mass, which is known to oc-
cur for the infinite volume partially quenched pion form
factor [28]. For the sake of notational ease, we denote
the mass of valence-sea mesons simply by m. The finite
volume effect on the temporal component of the current
matrix element is defined by
∆M4 =M4(L)−M4(L =∞). (55)
Evaluation of the diagrams shown in the figure can be
cast in the general form
∆M4 = (p′4 + p4)∆F + q4∆G, (56)
where ∆F and ∆G represent frame-dependent finite vol-
ume corrections to the current matrix element. The
latter contribution, ∆G, is forbidden in infinite volume
due to current conservation; however, in a finite volume
with twisted boundary conditions, this contribution be-
comes essential to maintain the Ward-Takahashi identity,
see [29].
While the explicit form of ∆G is rather lengthy in an
arbitrary frame, it will fortunately not be needed for our
7 In passing, we note an equivalent alternate method. One can
compute the finite volume corrections by momentum expand-
ing the meson propagators and vertices appearing in partially
twisted chiral perturbation theory. The coefficients of the Taylor
series expansion are then computed directly by using appropri-
ately modified correlation functions at zero momentum in the
effective theory. For the three moments of the charge distribu-
tion determined above, this would mean three separate, though
related, computations. We find it easier to evaluate the original
current matrix element at finite twist angles, and derive all three
results from differentiation.
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computation. To see this, we notice that the momentum
derivatives of the current matrix element which are re-
quired to determine the charge radius at zero momentum
have the form
∂2
∂p′1∂p1
∆M4
∣∣∣
~p ′=~p=~0
, (57)
with further momentum derivatives of the matrix ele-
ment needed to obtain the two higher moments of the
charge distribution. The crucial observation is that the
∆G term of the current matrix element in Eq. (56) drops
out of these momentum derivatives when evaluated at
zero initial- and final-state momenta. Focusing on the
differentiation required for the charge radius, we have
∂2
∂p′1∂p1
q4∆G =
∂p′4
∂p′1
∂∆G
∂p1
− ∂p4
∂p1
∂∆G
∂p′1
+ q4
∂2∆G
∂p′1∂p1
.
(58)
Because the current matrix element must be well behaved
at ~p = ~0 and at ~p ′ = ~0, the first term on the right-hand
side above vanishes when evaluated at p′1 = 0, the sec-
ond term vanishes when evaluated at p1 = 0, and the
last term vanishes when evaluated at ~p ′ = ~p. Conse-
quently the finite volume effect proportional to q4∆G
will not contribute to the derivatives required to deter-
mine the charge radius at zero momentum, ~p ′ = ~p = ~0.
The same conclusion can easily be reached for the two
higher moments of the charge distribution. One merely
takes further momentum derivatives of Eq. (58), and ob-
serves that all terms produced necessarily vanish when
evaluated at vanishing initial- and final-state momenta.
To compute the effect of finite volume on the method
of extracting moments of the charge distribution at zero
momentum, we thus need only the function ∆F appear-
ing in the finite volume current matrix element, Eq. (56).
Taking contributions from all one-loop diagrams, we find
∆F =
1
f2
∫ 1
0
dx I 1
2
[
x~p ′ + (1− x)~p,m2 + x(1 − x)q2]
− 1
2f2
[
I 1
2
(~p ′,m) + I 1
2
(~p,m)
]
, (59)
This finite volume effect has been compactly written in
terms of the basic functions
Iβ(~p,m) ≡ 1
L3
∑
~n
1[(
2π
L ~n+ ~p
)2
+m2
]β
−
∫
d~k
(2π)3
1[(
~k + ~p
)2
+m2
]β , (60)
which encompass the difference between the finite volume
mode sum, and in the infinite volume momentum integra-
tion. In taking derivatives with respect to pi, removing
the ~p from the integral by translating the momentum
integration over ~k leads to spurious infinite volume con-
tributions. This peculiarity is detailed in the appendix.
The functions defined above can be recast in terms of
Jacobi elliptic-theta functions [8, 30], for which we have
Iβ(~p,m) = 1
(4π)
3
2Γ(β)
∫ ∞
0
ds sβ−
5
2 e−sm
2
×

 3∏
j=1
ϑ3
(
Lpj
2
, e−
L2
4s
)
− 1

 . (61)
In working at zero momentum, we will often employ the
abbreviated notation Iβ(m) ≡ Iβ(~0,m).
The expression for the finite volume effect ∆F in
Eq. (59) can be checked against results known in var-
ious limits. First notice that in the forward limit, we
have
∆F
∣∣∣
~p ′=~p
= 0, (62)
which consequently leads to a vanishing volume correc-
tion to the time component of the current, ∆M4 = 0.
This corresponds to non-renormalization of the pion
charge due to finite volume, and is a consequence of the
Ward identity. The Ward identity happens to be satisfied
for the time component of the current due to our spec-
ification of an infinite temporal extent, see [31]. Evalu-
ating the finite volume effect ∆F in the pion rest frame,
which is specified by setting ~p = ~0 with ~q = ~p ′, we re-
cover the corresponding result for ∆F determined from
isospin twisted boundary conditions [32]. To compare
with the latter result, we must set the down quark twist
to zero in order for the setup to match that used in the
present work. Finally we can use our result for ∆F in
an arbitrary frame to determine the finite volume effect
in the Breit frame, which is specified by the kinematics
~p = − 12~q, and ~p ′ = 12~q. With this choice, one obtains
from ∆F in Eq. (59) the result of [33].
C. Finite Volume Corrections at Zero Momentum
To evaluate the effect of finite volume on determining
form factors at zero momentum, we return to the vector-
current correlation function in Eq. (19). We detailed the
expected behavior of this correlation function in infinite
volume, and now we consider the modifications arising in
finite volume. Generalizing this correlation function to
finite volume, we have
C4(~p
′, ~p |x4, y4) = |Z|2M4(~p ′, ~p )e
−E(~p ′)(x4−y4)e−E(~p )y4
2E (~p ′) 2E (~p ) .
(63)
The overlap factor in finite volume is denoted by Z, which
is momentum independent. Additionally appearing in
the above expression is the temporal component of the
finite volume current matrix element, M4(~p ′, ~p ), as well
as the charged pion energy in finite volume, E(~p ), which
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has been determined using partially twisted chiral per-
turbation theory in [32]. For our application, it is im-
portant to note that E(~p ) has a regular expansion about
vanishing twist, ~p = ~0, i.e. it can be written in the form
E(~p )2 = ~p 2 +m2 +∆m2(~p ), (64)
with ∆m2(~p ) = δm2 + ~p 2δp2 + · · · . Here, ∆m2(~p ) is
the finite volume correction to the mass. It retains twist-
angle dependence, and so can either be thought of as
a momentum-dependent finite volume mass shift [29],
or as arising from renormalization of the pion momen-
tum [32]. From the twist-angle expansion in Eq. (64),
we see ∂E(~p )/∂pj
∣∣
pj=0
= 0, and can conclude that the
required momentum derivatives acting on the finite vol-
ume correlation function, Eq. (63), all act onM4(~p ′, ~p ),
or else evaluate to zero at vanishing momentum.
In light of these observations, we can ascertain the fi-
nite volume corrections to the zero-momentum method.
First, we define the finite volume effect on the charge
radius, ∆r2, using the finite volume current correlation
functions
3
C4(~0,~0)
∂2C4(~p
′, ~p )
∂p′1∂p1
∣∣∣
~p ′=~p=~0
=< r2 > +∆r2. (65)
Recalling the form of Eqs. (22) and (23), the finite vol-
ume effect on the two higher moments, ∆r4 and ∆r6,
can then be defined in a completely analogous fashion.
Taking the required derivatives of the finite volume cur-
rent correlation function in Eq. (63), and using the finite
volume current matrix element in Eq. (56), we arrive at
the simple expressions
∆r2 = 3
∂2∆F
∂p′1∂p1
∣∣∣
~p ′=~p=~0
, (66)
∆r4 = 45
∂4∆F
∂p′1∂p1∂p
′
2∂p2
∣∣∣
~p ′=~p=~0
, (67)
∆r6 = 1575
∂6∆F
∂p′1∂p1∂p
′
2∂p2∂p
′
3∂p3
∣∣∣
~p ′=~p=~0
. (68)
Finally, we can evaluate these finite volume corrections
by explicitly taking derivatives of the result determined
from chiral perturbation theory, Eq. (59).
To expedite computation of the derivatives, we notice
the following property of the energy denominator appear-
ing in the finite volume mode sum and momentum inte-
gral
[~k + x~p ′ + (1− x)~p ]2 +m2 + x(1 − x)q2 =
~k2 + 2~k · [x~p ′ + (1− x)~p ] +m2 + f(~p ′2, ~p 2), (69)
where f(~0,~0) = 0. Because of the vanishing of
∂f(~p ′2, ~p 2)/∂pj
∣∣
pj=0
, and similarly for the derivative
with respect to the final-state momentum, p′j, we can
effectively replace f(~p ′2, ~p 2) −→ 0 when taking momen-
tum derivatives and evaluating at zero momentum. The
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FIG. 5: Finite volume effect on moments of the pion’s charge
distribution determined at zero momentum. The relative dif-
ferences ∆r2/ < r2 >, ∆r4/ < r4 >, and ∆r6/ < r6 > are
plotted as a function of the lattice size L. The infinite volume
value of the charge radius is taken from experiment, while val-
ues of the two higher moments are the one-loop predictions
from chiral perturbation theory. In the plot, the pion mass is
fixed to its physical value.
finite volume correction to the charge radius determined
at zero momentum is given by
∆r2 =
1
2f2
[
I 3
2
(m)−m2I 5
2
(m)
]
, (70)
while the finite volume corrections to the two higher mo-
ments take the form
∆r4 =
21
2f2
[
I 5
2
(m)− 2m2I 7
2
(m) +m4I 9
2
(m)
]
,
(71)
∆r6 =
4455
4f2
[
I 7
2
(m)− 3m2I 9
2
(m)
+ 3m4I 11
2
(m)−m6I 13
2
(m)
]
. (72)
To assess the finite volume effect on the radius, we will
compare to the physical pion charge radius, < r2π >=
(0.67 fm)2 [34]. For the higher moments, we will use the
corresponding infinite volume result determined from chi-
ral perturbation theory at one-loop order. Using the di-
mensionally regulated form of the infinite volume integral
in Eq. (59), we can write the form factor as
F (q2) = 1 +
(4πµ2)ǫ
8π2f2
∫ 1
0
dx
∫ ∞
0
ds
s2−ǫ
e−sm
2
×
[
e−sx(1−x)q
2 − 1
]
. (73)
Carrying out subtraction of the ǫ-pole in the MS scheme,
we can identify the charge radius
< r2 >=
1
8π2f2
[
− log m
2
µ2
+ c(µ)
]
, (74)
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where c(µ) is the coefficient of a local operator from the
next-to-leading order chiral Lagrangian. This result is
in agreement with [35]. Carrying out the momentum
expansion further, and using the definition of the higher
moments of the charge distribution in Eq. (15), we arrive
at
< r2n >=
n!(n− 2)!(2n− 1)!!
8π2f2(m2)n−1
, (75)
for all n > 1. Using this one-loop result from chiral per-
turbation theory gives us the values < r4 >= (0.77 fm)4,
and < r6 >= (1.5 fm)6.
The finite volume effect on moments of the pion’s
charge distribution is shown in Fig. 5. For the first three
non-trivial moments, n = 1–3, we plot the finite volume
effect normalized by the corresponding infinite volume
value, ∆r2n/ < r2n >, as a function of the size of the
lattice. A clear trend toward larger volume effects as a
function of n is shown. This lines up with physical intu-
ition. In the conventional evaluation of the current ma-
trix element, greater momentum resolution is required to
determine the higher moments. Such resolution requires
prohibitively large volumes. In the method at zero mo-
mentum, this difficulty is mirrored by the rather com-
plicated form of the modified correlation functions that
must be computed. Due to the momentum differentia-
tion, furthermore, the finite volume effects are consider-
ably enhanced over those for the current matrix element.
For comparison, the asymptotic behavior of the finite
volume correction to the current matrix element has the
form
∆M4 ∼ L−3/2 e−mπL, (76)
while the finite volume effects on charge distribution mo-
ments have the asymptotic behavior
∆r2 ∼ L1/2 e−mπL,
∆r4 ∼ L5/2 e−mπL,
∆r6 ∼ L9/2 e−mπL. (77)
Despite such enhancement of finite volume effects, the
overall scaling remains exponential. Fortunately it ap-
pears that the determination of the charge radius at zero
momentum is considerably insensitive to the volume.
V. SUMMARY
Above we investigate the novel method proposed
by [16] to overcome large extrapolations to zero momen-
tum. Our particular concern is with the extension of the
method to the case of radii, and the assessment of corre-
sponding finite volume effects. For moments of the pion’s
charge distribution, we find that the modified correlation
functions given in Eqs. (31)–(33) cleanly isolate the de-
sired quantities at vanishing momentum. These correla-
tion functions require taking momentum derivatives with
respect to initial- and final-state quarks. To address fi-
nite volume effects, we must understand how to arrive
at the modified correlation functions on a torus. The
zero-momentum method can be derived on a finite lat-
tice of fixed size by treating the active quarks as subject
to twisted boundary conditions. Because the twist angles
are continuous parameters, a Taylor series expansion can
be performed about vanishing twist. The coefficients of
the Taylor series expansion correspond to modified cor-
relation functions, and these are to be determined using
lattice QCD calculations, as proposed by [16]. Such cal-
culations require only periodic quark fields and are eval-
uated at zero momentum. Finite volume corrections can
correspondingly be derived by formulating chiral pertur-
bation theory for twisted active quarks. In this work, an
expression for the finite volume effect on the temporal
component of the pion current matrix element in an ar-
bitrary frame using an extended SU(5|3) flavor group is
derived. Differentiation and evaluation of this expression
at vanishing twist angles leads to the finite volume effect
on the extraction of the charge radius (and two higher
moments) at zero momentum. Our expectation from chi-
ral perturbation theory is that the volume corrections to
determining the charge radius at zero momentum will be
quite small.
Straightforward generalization of the method will allow
one to investigate moments of the electric and magnetic
form factors of the nucleon, for example. Because of the
extra spectator quark, chiral perturbation theory compu-
tations for the nucleon will require the flavor group to be
extended to SU(6|4), as was pursued for Breit frame com-
putations in [30]. Because the magnetic form factor arises
from the spatial component of the electromagnetic cur-
rent, one generally expects larger volume corrections to
magnetic observables. As the magnetic form factor drops
out of the current matrix element at vanishing momen-
tum transfer, an additional momentum derivative will be
required over the electric case. This extra differentiation
will lead to further enhancement of the finite volume ef-
fects on magnetic quantities. It would be advantageous
to assess these volume effects using chiral perturbation
theory. In general, care must be taken in the zero mo-
mentum method to avoid power-divergent contributions
in the continuum limit, however, the approach advocated
here avoids these contributions, as well as removes power-
law Euclidean time dependence from the Taylor coeffi-
cients. Finally we remark that we have been unable to
find a generalization of the method for the case of dis-
connected current insertions. In such cases, both quarks
and gluons are momentum carriers, and this feature ul-
timately seems to require a different approach.
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Appendix A: Derivatives of Mode Sums
For completeness, we detail how to take momentum
derivatives of mode sums without introducing spurious
infinite volume contributions. Consider the basic finite
volume function Iβ(~p ,m) defined in Eq. (60). Its Taylor
series expansion has the form
Iβ(~p ,m) = Iβ(m) + 1
2
~p 2I(2)β (m) + · · · . (A1)
Using the expression for Iβ(~p ,m) after Poisson summa-
tion, namely that given in Eq. (61), we arrive at the
second Taylor coefficient
I(2)β (m) =
L2
4(4π)
3
2Γ(β)
∫ ∞
0
ds sβ−
5
2 e−sm
2
×ϑ′′3
(
0, e−
L2
4s
)
ϑ3
(
0, e−
L2
4s
)2
, (A2)
which vanishes in infinite volume.
At this point, it is useful to recall the definition of the
Jacobi elliptic-theta function
ϑ3(z, q) =
∞∑
ν=−∞
cos(2νz)qν
2
, (A3)
and, as customary, primes denote derivatives with re-
spect to the first argument, for example ϑ′3(z, q) =
∂ϑ3(z, q)/∂z. The elliptic-theta functions satisfy a dif-
fusion equation[
4
∂
∂η
− ∂
2
∂z2
]
ϑ3(z, e
−η) = 0. (A4)
Consequently, we have the relation
ϑ′′3
(
0, e−
L2
4s
)
ϑ3
(
0, e−
L2
4s
)2
=
− 16s
2
3L2
d
ds
[
ϑ3
(
0, e−
L2
4s
)3
− 1
]
. (A5)
The arbitrary s-independent constant was added in order
to avoid a surface term below. Returning to the expres-
sion for the second Taylor coefficient and performing an
integration by parts, we see that
I(2)β (m) =
4β(β + 1)
3(4π)
3
2Γ(β + 2)
∫ ∞
0
ds sβ−
1
2 e−sm
2
×
[
β − 12
s
−m2
] [
ϑ3
(
0, e−
L2
4s
)3
− 1
]
.
(A6)
Comparing with Eq. (61), allows us to identify
I(2)β (m) =
4
3
β(β + 1)
[
β − 12
β + 1
Iβ+1(m)−m2Iβ+2(m)
]
,
(A7)
which is precisely the Taylor series coefficient that we find
from directly differentiating Eq. (60) provided that the
momentum ~p remains in the subtracted infinite volume
integral. If this momentum is translated away, coeffi-
cients in the Taylor series expansion about zero momen-
tum will no longer vanish in infinite volume.
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